Introduction
Magnetorheological elastomers (MREs) show the potential application in semi-active vibration control due to their dynamic properties that can be adjusted rapidly and reversibly by changing the external magnetic field [1] [2] [3] [4] . It is well known that the dynamic mechanical properties of MREs are affected not only by its components and the fabrication process [5] [6] [7] but also by the in-service conditions such as load amplitude, excitation frequency, external magnetic field, and temperature etc. [8] [9] [10] [11] . In order to achieve an optimal damping or vibration isolation system for practical application of MRE based active or semi-active vibration control device, the characterization and modelling of MREs under various load conditions are essential to be determined.
There have been several existing models so far for describing the dynamic properties of MREs under the combination of magnetic and mechanical load conditions. Among these modeling approaches, the parametric model has received considerable attention due to its efficient and rapid simulation of the dynamic behaviors of MRE based devices under various loading conditions. The magnetic field induced stiffness of MREs was described by using a nonlinear spring element connected in parallel with a linear viscoelastic model [12] [13] [14] . In order to take account for the effects of the interfacial friction in high frequency range, a spring-Coulomb friction slider and smooth frictional elements were used in a nonlinear constitutive model [15, 16] . The nonlinear hysteresis behavior of MREs in large amplitude excitation was modeled by the Ramberg-Osgood model, the Bouc-Wen model, and the Prager model respectively in parallel with the classic viscoelastic model [17] [18] [19] .and had the same shift factor [33] . The dynamic modulus master curve of an isotropic magnetosensitive elastomer in the absence of magnetic field and the magnitude of complex modulus master curve of an MR fluid under magnetic field were constructed respectively in the literature [34, 35] however the statistical analysis of the good-of-fitness were not presented. There is a research gap on the dynamic modulus master curve of anisotropic MREs in the presence of magnetic field.
In this paper, a series of DMA tests have been carried out to investigate the viscoelastic properties of anisotropic MREs under different temperature and magnetic fields. The logarithmic Cole-Cole plot and the semi-logarithmic Black diagram were depicted to verify whether the TTS principle can be used to construct the master curve of the MRE samples or not. The fractional Zener model was employed to describe the elastic and rheological properties of the MREs based on the obtained experimental data. The dynamic modulus master curve of the MRE sample was constructed by the horizontal and vertical shift factors based on TTS principle. Finally, the statistical analysis of goodness-of-fit is performed for various shift factors and viscoelastic models. The good correlations between the measured and predicted data have been evaluated by the statistical analysis results.
Experimental
According to the BS ISO 4664-1:2011, the dynamic mechanical analysis (DMA) tests have been carried out to investigate the dynamic properties of MRE samples under uniaxial harmonic compressive loading in the Transport Systems Research Laboratory. The anisotropic MRE samples used in this study were synthesized from silicone rubber (Elastosil A and Elastosil B, Wacker Chemie AG, Germany) and micron-sized iron particles (grain size 5-9 μm with ≥99.5%, Sigma-Aldrich, US). The anisotropic MRE samples with the particle volume fraction of 30% were prepared in room temperature and external magnetic field based on the published experiment results of MREs that the magnetorheological (MR) effect of anisotropic MREs is slightly larger than isotropic MREs [36, 37] and the maximum MR effect is normally achieved when the iron particle volume fraction is about 30% [38, 39] . The experimental setup consists of the Instron test machine (E1000 Electro plus), a self-manufactured oven and the pairs of the cylindrical grad N42 neodymium permanent magnets (E-magnets, UK) as shown in Figure 1 . The magnetic field was generated by a pair of the cylindrical grade N42 neodymium permanent magnets. The environmental temperature inside oven was controlled by a self-manufactured oven comprised of the heat insulation layer, the heating wire, a thermo detector, and a temperature control panel. The Instron test machine (E1000 Electro plus) applied the uniaxial harmonic compressive loading to the MRE specimen. The strain amplitude and the excitation frequency were controlled through the displacement channel and the resulting force was measured by the force channel. The MRE samples were placed between two permanent magnets, the force direction is along with the magnetic field direction. This is also the same direction as the column chain line of the iron powder inside the MRE samples.
The DMA experiments were carried out to achieve the isothermal dynamic moduli of the MRE samples with different strain frequencies ranging from 1 to 60 Hz, temperatures varying from room temperature (about 25°C) to 60°C with the interval of 5°C, and different magnetic fields (0, 300 mT, and 500 mT). The strain amplitude was set to be less than or equal to 10% to obtain the linear viscoelastic response [12] . The larger MR effect can be achieved in the linear viscoelastic region [8] .
Before the isothermal dynamic moduli were measured, the MRE samples were preloaded and unloaded for ten cycles to reduce the Mullins effect. Three pairs of the MRE samples were measured independently and DMA test was repeated twice for each pair of the MRE samples. The reliability of the experimental data was guaranteed by averaging the measurement data.
Modeling

Viscoelastic model
MREs belong to a class of smart composite materials composed of an elastomer and micron-sized magnetic particles. Their elastic and rheological properties in addition to the loading amplitude and frequency are dependent on the external magnetic field and temperature as shown in Figure 2 and Figure 3 . The dynamic modulus of MREs can be modeled by linear viscoelastic models within small strain range and in the presence of an applied magnetic field [12] [13] [14] .
There are many viscoelastic models available in literature to describe the master curve of dynamic modulus. These models be categorized into two groups: the mechanical models and the mathematical models. The mechanical models (also called analogical models) simulate the elastic and rheological responses of viscoelastic materials by using a particular combination of springs and dashpots (or springpots) in series and/or parallel, e.g. the generalized Maxwell model, the generialized Kelvin-Voigt model and the fractional Zener model. While the mathematical models (also called empirical algebraic models) utilize an analytical expression to fit experimental data, such as the CAM model and the sigmoidal model.
In this paper, the fractional Zener model [40, 41] is adopted respectively to predict the dynamic modulus of MRE samples under the external magnetic field and unaxial harmonic compression. The complex modulus can be expressed as follows, ( ) ( )
in which, α is the order of the fractional derivative in the range of 0 to 1, τ is the generalized relaxation time dependence of the temperature, E0 is the long time or relaxed modulus, and E∞ is the unrelaxed or instantaneous modulus.
The coresponding storage modulus and loss modulus are, 
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The magnetic field induced dynamic modulus can be described by the relative MR effect on storage modulus and loss modulus respectively [13, 14, 20] . The existing experimental results revealed that the relative MR effect is mainly dominated by the dipole interaction force of magnetic particles in the presence of magnetic field [36] [37] [38] . Therefore the relative MR effect is mainly dependent on the magnetic flux density and can be expressed by quadratic function of magnetic flux density until the saturation of magnetization [16, 21] .
Shift factor equations
The isothermal dynamic modulus, including storage modulus and loss modulus, can be shifted respectively into a unique master curve at a reference temperature when the applicable of the TTS principle has been verified [28] [29] [30] .
Where, ωr and Tr denote reduced frequency and reference temperature, aT(T,Tr) and bT(T,Tr) are the horizontal and vertical shift factors respectively.
The shift factor definition is mainly based on the observation that isothermal dynamic modulus curves obtained from DMA experiments can be shifted into a smooth master curve with the goodness of fit between measured and predicted data: higher value of the coefficient of determination (R 2 ) and lower value of the standard error ratio (Se/Sy). The numerical shift factor for each isotherm of dynamic modulus produced the best fit between experimental and predicted data [42] . While the functional shift factor has an adventage over the numerical shift factor in mathematical expression and application to computer software [43] . In addition, if a functional form with some thermodynamic basis is used then the resulting master curve and shift factor equations can be employed to predict the viscoelastic behavior beyond the measurement data range of temperatures and frequencies. In general, the horizontal shift factor is commonly expressed by simple temperature dependent equations, such as the Arrhenius model and the WLF model of Williams-Landel-Ferry equation because of their strong thermodynamic basis, and the quadratic polynomial function for the sake of fitting accuracy [43, 44] .
The Arrhenius equation and the WLF empirical equation:
in which, C , C1, and C2 are model parameters respectively, and Tr is the reference temperature chosen for the master curve. and the quadratic polynomial function:
where a1 and a2 are model parameters. The vertical shift factor represents temperature induced density changes and supplements for polymers with vertical shifts of the dynamic modulus [31, 45] .
in which, ρ and ρr are density of the material at current temperature, and reference temperature. Where the temperature ratio represents an effect of entropy-based restoring force in the flexible chains and the ratio of density represents an effect of thermal expansion. The vertical shift factor is weakly dependent on temperature and is often neglected in most cases [45] . Under the assumptions about densities that the mass of the material remains constant when temperature varying, the approximations of vertical shift factor can be derived as follow [31] .
where b1 and b2 are model parameters dependent on reference temperature and the thermal expansion coefficient of the material.
Results and discussion
Experimental data and analysis
The isothermal dynamic properties of the MRE samples, including hysteresis loops and dynamic moduli, have been measured within small strain range in different temperatures and magnetic fields. According to the DMA experiments, it can be noticed that both the storage modulus and loss modulus are almost linear decreased with the strain amplitude. This tendency does not change to o much with the environment temperature. For example, Figure 2 shows the magnetic field and temperature dependent hysteresis loops of the MRE samples under uniaxial harmonic compression with strain amplitude of 1% and frequency of 60 Hz. It can be observed from Figure 2 that each of the hysteresis loops formed an approximate elliptical shape, indicating the MRE sample behaves with linear viscoelastic properties [12] . The slope of the main axis of hysteresis loop was dependent on both magnetic field and temperature. However, it increased with the increasing of magnetic field but exhibited two different trends with the variation of temperature: it first decreased and then increased with the increasing of temperature. This is due to the transition behavior of the MRE stiffness occurred at about 50°C. The transition behavior of MREs is mainly related to the alpha phase transition of the silicon rubber matrix [10] and the variation of dipole interaction of magnetic particle due to temperature changes. According to differential scanning calorimetry (DSC) measurement result, the transition behavior began at about 50°C and reached the exothermic peaks at 58.66°C. This indicates that the MRE material started the phase transition at about 50 °C. Figure 3 shows the frequency and temperature dependent dynamic modulus and loss factor of the MRE samples under uniaxial harmonic compression with different strain amplitudes and magnetic fields. It was found that the variation of the dynamic modulus with temperature can be divided into two stages from room temperature (about 25°C) to 60°C. It initially decreased with temperature from room temperature to 50°C, and then started to increase or maintain a stable value until 60°C. The loss factor decreased with the increasing of temperature and the decrement of the curves was more remarkable when the MRE samples were under both magnetic field and higher temperature. The transition behavior happened at about 50°C is partly due to the phase transition of the silicon rubber matrix [10] . The MRE sample became soft at about 50°C and reached the exothermic peaks at 58.66°C according to the DSCthermal analysis result.
Applicablity of the time-temperature superposition principle
The time-temperature superposition (TTS) principle holds for the thermorheologically simple materials [27] and have been extended to a multi-component system in which some components have the same temperature dependence and the others have no temperature dependence [32, 33] . Therefore, the applicability of the TTS principle should be verified before the construction of the master curve. The Cole-Cole plot and the Black diagram (also called the van Gurp-Palmen plot) are two simple methods to verify whether the viscoelastic material is thermorheologically simple or not.
When the Cole-Cole plot and the Black diagram form a single smooth curve, the material is thermorheologically simple. The elastic constants are independent of temperature and the time constatnts have the same dependence of temperature. The isotherms of dynamic modulus can be shifted into a unique master curve by using the horizontal shift factor [28] [29] [30] . When the Cole-Cole plot and the Black diagram are temperature dependent, the material does not exhibit simple thermorheological behavior. Both horizontal and vertical shift factors should be applied to construct the master curve based on TTS principle [31, 32, 45] . Figure 5 show the logarithmic Cole-Cole plot and the semi-logarithmic Black diagram of the DMA measurement data of MRE samples under 0.25% uniaxial harmonic compression in the presence of 300 mT magnetic field and the samples subjected to 1% uniaxial harmonic compression in the absence of a magnetic field respectively. It can be observed that the logarithmic Cole-Cole plot and the semi-logarithmic Black diagram did not form a single smooth curve, but the sets of each curve were dependent on temperature and exhibited a similar shape at different temperatures. This indicated that the MRE samples were not thermorheologically simple material, but the TTS may be applied to construct the master curve by using the horizontal shift factor and vertical shift factor [31, 32, 45] .
In fact, the isothermal curves with a similar shape in Figure 4 and Figure 5 can be merged respectively into a single curve (as shown in Figure 6 and Figure 7 ) at a reference temperature of 40°C by applying the vertical shift factor. The similar shape of the Wicket plot obtained in Figure 6 and Figure 7 indictes that the TTS can be applied to construct the dynamic modulus master curve of the MRE samples under uniaxial harmonic compression within linear viscoelastic region. The scatter of calculated data in Figure 6 and Figure 7 are partly caused by the measurement noise. This graphical representation may assist in enhancing data analysis with measurement noise removal [29] .
(a) (b) Figure 6 . The wicket plot calculated by applying the vertical shift factor to: (a) Cole-Cole plot, and (b) the Black diagrams of the MRE samples under 0.25% uniaxial harmonic compression and 300 mT magnetic field.
(a) (b) Figure 7 . The wicket plot calculated by applying the vertical shift factor to: (a) Cole-Cole plot, and (b) the Black diagrams of the MRE samples under 1% uniaxial harmonic compression and non-magnetic field.
Master curve construction
The dynamic modulus master curve of the MRE samples is constructed by applying the TTS principle at a reference temperature of 30°C. The model parameters for master curve and the numerical shift factors for each individual dynamic modulus are identified by minimizing the sum of square of error (SSE) between the predicted and measured data. 
∑ ∑ (12) in which, (E'exp, E'pred) and (E''exp, E''pred) are experimental and predicted data of the storage modulus and loss modulus respectively. The frequency dependent storage modulus and loss modulus at different temperatures as shown in Figure 8 and Figure 10 are merged respectively into the master curves by using the horizontal and vertical shift factors. Figure 9 shows the dynamic modulus master curves of the MRE samples subjected to uniaxal harmonic compression with small strain amplitude of 0.25% in the magnetic field of 300 mT. Figure 11 shows the dynamic modulus master curves of the MRE samples subjected to 1% strain amplitude harmonic compression in absence of magnetic field. A reasonable good superposition of frequency and temperature is observed despite a few points are not superposition well with the others and deviate from the master curve. The goodness-of-fit parameters in Table 1 and  Table 2 , the standard error ratio (Se/Sy) and the coefficient of determination (R 2 ), indicate that the excellent fitting results of loss modulus master curve and good fitting results of storage modulus master curve are obtained.
(a) (b) Figure 8 . Comparison between experimental and predicted data of: (a) storage modulus, and (b) loss modulus of the MRE samples under 0.25% strain amplitude and 300 mT magnetic field.
(a) (b) Figure 9 . Dynamic modulus master curve of the MRE samples under 0.25% strain amplitude and 300 mT magnetic field, (a) storage modulus, and (b) loss modulus.
(a) (b) Figure 10 . Comparison between experimental and predicted data of: (a) storage modulus, and (b) loss modulus of the MRE samples under 1% strain amplitude and non-magnetic field.
(a) (b) Figure 11 . The frequency and temperature dependent (a) storage modulus and (b) loss modulus of the MRE samples under 1% strain amplitude and non-magnetic field. The goodness-of-fit statistical analysis results of the temperature dependent dynamic modulus and the fitting results by the fractional Zener model as shown in Figure 8 and Figure 10 are also presented in Table 1 and table 2 for comparative analysis. The master curve and the fractional Zener model fitting have similar correlations between experimental and predicted data of storage modulus and loss modulus. It indicates that the points deviate from the master curve is partly due to the fitting results of the fractional Zener model. 
Goodness-of-fit statistics of shift factors
The numerical shift factor presented the best fit between experimental and predicted data in the construction of the dynamic modulus master curve as shown in Table 1 and Table 2 . However the functional shift factor, especially those with some thermodynamic basis, are still preferred to use because they are rapid and easy to apply in computer software [42, 43] . Figure 12 and Figure 13 Figure 13 plot the numerical and functional shift factors versus temperature. It is clearly observed that the quadratic equation presents the excellent correlation between the numerical and the functional vertical shift. The statistical analysis results show that that standard error ratio Se/Sy is less than 0.2 and the coefficient of determination R 2 is greater than 0.96. A little difference exists between the numerical and the functional horizontal shift factor. However, the Goodness-of-fit parameters of the resulting dynamic modulus master curve in Table 3 reveal that the functional horizontal shift factor works well for constructing the dynamic modulus master curve of the MRE samples under uniaxial harmonic compression. They present the excellent fitting results of the loss modulus master curve and the good fitting results of the storage modulus master curve respectively.
(a) (b) Figure 12 . Comparison between numerical and functional shift factors: (a) horizontal shift factor and vertical shift factor of the MRE samples under 0.25% strain amplitude and 300 mT magnetic field.
(a) (b) Figure 13 . Comparison between numerical and functional shift factors: (a) horizontal shift factor and vertical shift factor of the MRE samples under 1% strain amplitude and non-magnetic field. In this paper, the temperature dependent viscoelastic properties of the anisotropic MRE samples were measured by DMA experiments in different frequencies and magnetic fields. The applicability of the TTS principle was verified to the MRE samples under uniaxial harmonic compression and magnetic field by the logarithmic Cole-Cole plot and the semi-logarithmic Black diagram. To our knowledge, it is the first time that the dynamic modulus master curve of the MRE samples in the presence of magnetic field was constructed by the horizontal and vertical shift factors. The good correlations between the measured and predicted data were confirmed by performing statistical analysis for the goodness of fit. The constructed master curve and sgift factors can be used to predict the viscoelastic properties of the MREs beyond the DMA experiment range of temperatures and frequencies. The obtained results show that there was a transition behavior of the MREs at about 50°C for dynamic modulus. The storage modulus of the MREs initially decreased with the increment of temperature up to 50°C and then increased with further increasing temperature. The transition temperature happens at about 50 °C may be regarded as a result of the superposition of two factors: the alpha phase transition of the particle reinforced silicone rubber and the dipole interaction between iron particles under the magnetic field when the silicon rubber matrix become soft due to the temperature elevation. The TTS principle can be applied to construct the dynamic modulus master curve of the MREs by using the horizontal shift factor and vertical shift factor when the Cole-Cole plot and the Black diagram exhibited a similar shape at different temperatures. The WLF empirical equation and the Arrhenius equation worked well for the horizontal shift factor before the transition temperature. While the quadratic polynomial function produced the excellent fitting results of the vertical shift factor and the good fitting results of the horizontal shift factor respectively within the DMA test temperature range. The excellent and good correlation between DMA experiment data and predicted results of the loss modulus and the storage modulus were evaluated respectively by the goodness-of-fit statistical analysis.
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